Abstract. In this paper, we study the notion of Johnson pseudo-contractibility for certain Banach algebras. For a bicyclic semigroup S, we show that ℓ 1 (S) is not Johnson pseudo-contractible. Also for a Johnson pseudo-contractible Banach algebra A, we show that A has no non-zero complemented closed nilpotent ideal.
In section 2 we show that for a unital Banach algebra A, Johnson pseudo-contractibility is equivalent with amenability. This allows us to characterize the Johnson pseudo-contractibility of a semigroup algebra provided that the semigroup has an identity. As an application we show that for N with maximum as its product, the semigroup algebra is never Johnson pseudo-contractible (but it is pseudo-amenable). Again using this criteria we can see that ℓ 1 (S) fails to be Johnson pseudo-contractible, whenever S is a bicyclic semigroup.
In section 3 we define a new homological notion for Banach algebras called property ̥. This property has an important role in section 4. Some details of property ̥ will be given and some relation between property ̥ and Johnson pseudo-contractibility will be studied. Also, we show that in particular cases
Johnson pseudo-contractibility of S 1 (G) is equivalent with amenability of G.
Finally, in section 4, we turn our attention to study the structure of Johnson pseudo-contractible Banach algebras. In fact, we show that a Johnson pseudo-contractible Banach algebra A has no non-zero closed nilpotent ideal which is complemented in A.
We recall some standard notation and definitions. Suppose that X and Y are normed spaces. The projective tensor product of X and Y is denoted by X ⊗ p Y , and the space of all bounded linear maps from X into Y is denoted by B(X, Y ). Suppose that X 1 , X 2 , Y 1 and Y 2 are normed spaces and T i ∈ B(X i , Y i ), i = 1, 2. The tensor product of T 1 and T 2 is the bounded linear map T 1 ⊗ T 2 , determined by
For a Banach algebra A the product map on A determines a map π A : A ⊗ p A → A, specified by π A (a ⊗ b) = ab for all a, b ∈ A. The projective tensor product A ⊗ p A becomes a Banach A-bimodule with the following module actions:
and with these actions π A becomes an A-bimodule morphism. We regard the dual space A * as a Banach A-module with the operations defined by (af )(b) = f (ba), (f a)(b) = f (ab) for all a, b ∈ A and f ∈ A * .
The first Arens product on the the second dual A * * of A is defined by (F H)(f ) = F (Hf ), where (Hf )(a) = H(f a) for all F, H ∈ A * * , f ∈ A * and a ∈ A.
Suppose that A is a Banach algebra. A is said to be amenable if it has a virtual diagonal, that is, there exists an element M ∈ (A ⊗ p A) * * such that a · M = M · a and π * * 
and π * * A (m α )a − a → 0, for every a ∈ A. Note that Johnson pseudo-contractibility is strictly weaker than pseudo-contractibility, see [19, Example 4 
There are some equivalent definitions of amenable and approximately amenable Banach algebras, see [8, 10, 12] and [17] . 
Johnson pseudo-contractibility of certain semigroup algebras
, where e ∈ A is the identity element. We have 
where supremum is taken on all V ∈ ball(ker π * * A ) = {x ∈ ker π * * A : ||x|| ≤ 1}. Therefore R ωα , the right multiplication operator, converges to id ker π * * A in the norm topology of ball(ker π * * A ). Thus, there is α 0 such that for every α ≥ α 0 , R ωα is invertible. Since R ωα is surjective, for some Υ ∈ ker π * * A we have
By injectivity of R ωα it follows that Λ Υ = Λ. So that Υ is a right identity for ker π * * A . Let Φ = e ⊗ e − Υ. Then for each a ∈ A we have
A (e ⊗ e) − π * * A (Υ) = e, which implies that Φ is a virtual diagonal for A. Therefore A is amenable.
Example 2.2. Let S be a bicyclic semigroup, that is, a semigroup generated by two elements p and q such that pq = e = qp, where e is the identity for S, see [ A semigroup S is called regular if for each s ∈ S there exists an element t ∈ S such that sts = s and tst = t. The set of idempotents of semigroup S is denoted by E S . 
Now for every α we choose (
Example 2.6. Consider the semigroup N ∨ with the semigroup multiplication m ∨ n = max{m, n} for each m, n ∈ N. We claim that 
Property ̥ and Johnson pseudo-contractibility
A Banach algebra A has property ̥ if there exists a not necessary bounded net ( 
Let (e β ) β∈J be a central approximate identity. Define (m for every a ∈ A. Using iterated limit theorem [13, page 69], we can find a net n γ ∈ (A ⊗ p A) * * such that
So A is Johnson pseudo-contractible.
Note that the existence of central approximate identity in the "if part" of previous proposition is not necessary.
Remark 3.2. We recall that if E and F are Banach spaces, then the weak * operator topology on B(E, F * )
is the locally convex topology determined by the seminorms {p e,f : e ∈ E, f ∈ F * }, where p e,f (T ) = with respect to the weak* operator topology. Note that
Thus ρ is a bounded A-bimodule morphism. Moreover since π * * A is a w * -continuous map, we have
It follows that A is a biflat Banach algebra.
Combining Proposition 3.1 with Theorem 2.1, we have the following corollary:
Corollary 3.4. Let A be a Banach algebra with an identity. Then A is amenable if and only if A has property ̥.
Let G be a locally compact group. A linear subspace S 1 (G) of L 1 (G) is said to be a Segal algebra on G if it satisfies the following conditions
for more information about Segal algebras, see [16] . The group G is said to have small invariant neighborhoods, denoted by SIN -group if in every neighborhood of the identity there exists a compact invariant neighborhood of the identity. is
Moreover for f ∈ S 1 (G) we have
and
where · is the module action and * is the convolution product. In fact the case (iii)⇒(i) holds for every locally compact group G. 
which is a contradiction.
Johnson pseudo-contractibility and nilpotent ideals
A subspace E of a normed space X is called complemented in X, if there exists a bounded operator P : X → E such that P (x) = x for every x ∈ E. Proof. Suppose that y ∈ Im(Id Y ⊗ I). Then there exists a sequence (
Since E is a complemented subspace of X, there is a bounded operator P : X −→ E such that
for all i and n. Hence for every n,
Since Id Y ⊗ P is a bounded map, we have A E ⊗ p N → N be the map given by p((a + E) ⊗ n) = an for every a ∈ A and n ∈ N. Since EN = {0} one can see that p is well-defined.
We go towards a contradiction and suppose that M E = {0}. So there exist m ∈ M and e ∈ E such that me = 0 and me ∈ M E ⊆ EA, thus there exist some sequences (a n ) in A and (e n ) in E such that e n a n → me. 
Since N is a closed ideal which is complemented in A, so by [20 Proof. We go towards a contradiction and suppose that we have a non-zero closed nilpotent ideal N . Let n ∈ N such that N n = 0 and N n+1 = 0. Let E be the closure of the linear span of N n . Obviously E is a non-zero closed ideal in A. Moreover E ⊆ N and EN = 0. On the other hand since A is a Johnson pseudo-contractible Banach algebra, by [19, Proposition 2.6] A is pseudo-amenable. Therefore A has an approximate identity. So we have AE = EA = E. Since AE ⊆ E = EA, Theorem 4.2 implies that AE = {0}. Thus E = AE = {0} which is a contradiction.
Since every finite dimensional subspace of a Banach algebra is complemented we have the following corollary:
Corollary 4.4. Every Johnson pseudo-contractible Banach algebra has no non-zero finite dimensional nilpotent ideal.
It is well-known that every closed subspace of a Hilbert space is complemented, and up to isomorphism the only Banach spaces with this property are Hilbert spaces.
Also in a commutative Banach algebra, the ideal generated by a nilpotent element is nilpotent. So we have the following corollary: 
